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In this paper we prove that there exists a function which f{x) belongs to 
L^[0,1] such that a greedy algorithm with regard to the Walsh subsystem does 
not converge to /(x) in L^[0,1] norm, i.e. the Walsh subsystem {Wn^} is not a 
quasi-greedy basis in its linear span in 

1. INTRODUCTION 

Let a Banach space X with a norm || • || = || • ||jf, and a basis = {V'felfcD 
llV'fcllx = 1, k = 1,2,.. be given. 

Denote by the collection of all functions in X which can be expressed as 
a linear combination of at most m- functions of 'h. Thus each function g G 
can be written in the form 



For a function f € X we define its approximation error 


o-ml/, 4')= inf ||/-5llx> w = l,2,... 


and we consider the expansion 


oo 



k^l 

Definition 1. Let an element f € X he given. Then the m-th greedy 
approximant of function / with regard to the basis is given by the formula 




keA 

where A C {1,2,...} is a set of cardinality m such that 
|a„(/)| > |afe(/)|, n e A, k ^ A. 
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We’ll say that the greedy approximant of /(<) G Lj’p -P — 1 regard to 
the basis 'h converges, if the sequence Gjn{x, /) converges to f{t) in norm. 

This new and very important direction invaded many mathematician’s at¬ 
tention (see [l]-[9]). 

Definition 2. We call a basis greedy basis if for every f € X there exists 
a subset A C {1,2,...} of cardinality m, such that 

where a constant C = C{X, vh) independent of / and m. 


In 1998 V.N.Temlyakov proved that each basis which is Lp -equivalent to 
the Haar basis H is Greedy basis for Lp(0,1), 1 < p < oo (see [4]). 


Definition 3. We say that a basis 4^ is Quasi-Greedy basis if there exists 
a constant G such that for every f € X and any finite set of indices A, having 
the property 


min|afc(/)| > max|afc(/)| 

feeA n^A 


we have 


ak{f)ipk 

fceA 


<C-\\f\\x. 

X 


In 2000 P.Wojtaszczyk [5] proved that a basis dt is quasi-greedy if and 
only if the sequence {Gm{f)} converges to /, for all f € X. Note that in 
[6] S.Konyagin and V.Temlyakov constructed an example of quasi-greedy basis 
that is not Greedy basis. 

V.Temlyakov proved that the trigonometric system T is not a Quasi-Greedy 
basis for LP ii p ^ 2 (see [7]). 

In [8] it is proved that this result is true for Walsh system. 

In the sequel, we’ll fix a sequence {Mn}^^i so that 

lim {M 2 k - M 2 k-i) = +00 

k—¥oo 

and consider a subsystem of Walsh system 

{Wn,ix)}T=i = {Wmix) : M 2 s-i<m<M 2 s, S = l,2,...} (1) 

In this paper we constructed a function f{x) G [0,1] such that the sequence 
{Gm{f)}, with respect to Walsh system, does not converge to f{x) by L^[0, 1] 
norm and we can watch for spectra of ’’bad” function f{x). 

Moreover the following is true. 

Theorem . There exists a function f{x) belongs to T^[0, 1] such that the 
approximate G„(/, Wn^) with regard to the Walsh subsystem does not converge 
to f{x) by T^[0,1] norm, i.e. the Walsh subsystem {Wn^} is not a quasi-greedy 
basis in its linear span in 
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2. PROOF OF THEOREM 


First we will give a definition of Walsh-Paly system (see [10]). 

k k 

Wo{x) = l, Wn{x) = n = '^2'^% toi > ... > m*, (2) 

S^l 

where {?’fc(x)}^Q is the system of Rademacher: 

( l, X G [0, i) ; 
ro{x) = < 

[-1, a;e(i,l). 

ro(x-I-1) = ro(a;), rfc(a;) = ro(2''a;), fc=l,2,... 

In the proof of theorem we will used the following properties of Walsh system: 

1. From (2) we have 

W2^+j{x) = W2^{x)-Wj{x), if 0<j<2'=-l. (3) 

m—1 

2. The Dirichlet-Walsh kernel Dm{x) = Wj{x) has the following prop- 

i=o 

erties (see [10] p.27) 

r 2^ [0,i]; 

D^,{x) = { (4) 

[ 0, X e (^,1]- 

3. There is a sequence of natural numbers ^i^h 2*“^ < mt < 2^, 

k = 1,2,... (see [10] p.47), such that 

k 1 

|pmj|i = y |£'m,(a;)|dx >-log2mfc, fc = l,2,.... (5) 

Proof of Theorem . Taking into account (l)-(3) we can take the sequences 
of natural numbers and {pi/}[)ki so that the following conditions are 

satisfied: 


k,,> {v - 1)^ -1- 1, 

(6) 

(x) • IW (x) = Wale, (x), 0 < i < 2^=% 

( 7 ) 

2'=--hi e [Map,-1,Map,), 0 < z < 2^=% 

(8) 

For any natural v we set 


fu{x)= c[(;)W„^(x) = 

Nu<nk<Ni, — l 
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2^1-'_2 

= W2.4^)- E + •W^*(^) = 

i=0 '' 


2«iy _]^ 


2“'' —1 


= W 2 ^. (X) 

= W2>^. (X) 


^ S »’.(»■)+ 5E: E 2-‘H--.(i) 


2=0 


2=0 


2«i/ _ 2 


i=0 


where 


» - 


We set 


^ + 2 < Tik — Ni^ + z < Njyj-i, 0 < z < N,y, 

0, rzfc < A'';,, z^ > 1, 

Af, = 2'=^ Af,+i =2'=''+i. 


/(a;) = = 


fe=l 


= E-^-(^) = E 


E cMw„,(x) 

< rife < A^iy — 1 


where 


Crifc (/) = /or A^i, < rzfc < Af^ - 1, z/ = 1, 2,... 


Now we will show that f{x) € i^[0,1] 

Taking into account (9)-(ll)we get 

oo ^ oo 

/(a^) = E — {x)D 2 k, (x) + E 


1^ = 1 


2/=l 


2^1/ _i 


E 2-W2..+i(a 


i=0 


= G{x) + H{x). 

For function G{x) from (4)and definition of Walsh system we have 
/•i 


\G{x)\dx < E 4 < 
,.=1 

and we get that 0 ( 0 ;) € T^[0,1]. 


oo 


(9) 


( 10 ) 

( 11 ) 


( 12 ) 


(13) 


(14) 
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Analogously 


OO 

\H{x)\dx < 2” 

U=1 


< OO 


i.e. H{x) € L^[0,1]. 

Hence and from (14) it follows that f{x) G i^[0,1]. 
For any natural ly we choose numbers fc, j so that 

Nv <nk < < rij < N^+ 2 - 


Then from (10) we have 


Cn,- if) = c! 


_ Ji'+i) _ 


ii^ + iy 


+ 2-”^' < 


<);2+2-”''=c(‘;) = c„,(/) 

i.e. c„^.(/) < c„J/). 

Analogously for any number Uk, Ni, < Uk < A^iz+i, > 1 we have 

i’+i = y + < y + = A' 


Thus we get 


Cnfc+i(/) < c„^(/). 


In other hand if fc —> oo then Uk ^ oo and ly co (see (10), (11)). 
From (13) we get lim c„j,(/) = 0 and consequently c„j,(/) \ 0. 

k—^oo 

For any numbers rrii, so that 


2''" < TOj. < 2 


ku + 1 


(15) 


By (11) - (13) and Dehnition 1 we have 


G2>‘^+m^if, Wrik) — G2kt, (/, Wnk) — 


= V —+2 

Z —t ,,2. 


i=2'=>' 


(2'=-+q 


W2k^^iix) — 


— • 11^2'=^ (x) • ^ Wi(a;)+ 


i=2'‘t, 

2 ^"+mu-l 


+ ^ (a;) • ^ - 


i=2’^t' 

= Jl + J 2 . 


(16) 
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By (6) we get 


Jl = — • W2ku (x) ■ W2k^^i{x) = 

i=0 


{x)-D^^{x). 


2'^^+m^-l oo 

IJ21< E ^1 i< E ^ ^ 22"^ 

i=2'“i^ i=2’‘i' 

From this and (16)we obtain 

I G2fc if,Wn,)-G2k.if,Wn,) \> 


+1 


> I Dm^{x) I -2 


2““''+! 


(17) 


Now we take the sequence of natural numbers rrii, defined as (5) such that 
2 ^ 1 , < ^ 2^‘'+i. Then from (6), (17) we have 

[ I G 2 k. if, 1F„,) - G 2 k. if, 1F„, )\dx> 

Jo 


1 fl 

> — • / |£>m,(a;)|(ix - 2^ 

Jo 


> 


1 


> 


>-- 2-log2m^-22 ‘'+^ > 

(j^-i)" + i 


fci/ _ 22”'‘''+1 > 


4- 


4 • 1/2 


-22-'‘''+i > 1-22“'“'+! >Ci, j/>2 


Thus the sequence {G'„(/, IF)} does not converge by L^[0, 1] norm, i.e. the 
Walsh subsystem {Wnk}’^i i® a quasi-greedy basis in its linear span in L^. 


The Theorem is proved. 


Remark. As we well known (see [10] p.l49) if the Ci \ 0, then the series 

OO 

E ^nWnix) converges on (0,1). In the proof of Theorem we constructed the 

n—1 

series (11) so that the coefficients strongly decreasing, but the series diverges 
by -norm. 


6 



REFERENCES 


[1] DeVore R. A., Temlyakov V. N., Some remarks on Greedy Algorithms, Adv. 
Comput. Math., 1995, v.5, p.173-187. 

[2] DeVore R. A., Some remarks on greedy algorithms. Adv Comput. Math. 5, 
1996, 173-187. 

[3] Davis G., Mallat S. and Avalaneda M. 1997, Adaptive greedy approximations. 
Constr, Approx. 13, 57-98. 

[4] Temlyakov V. N., The best m - term approximation and Greedy Algorithms, 
Advances in Comput. Math., 1998, v.8, p.249-265. 

[5] Wojtaszcyk P., Greedy Algorithm for General Biorthogonal Systems, Journal 
of Approximation Theory, 2000, v.l07, p. 293-314. 

[6] Konyagin S. V., Temlyakov V. N., A remark on Greedy Approximation in 
Banach spaces. East Journal on Approximation, 1999, v.5, p. 493-499. 

[7] Temlyakov V. N., Greedy Algorithm and m - term Trigonometric approxi¬ 
mation, Constructive Approx., 1998, v.l4, p. 569-587. 

[8] Gribonval R., Nielsen M., 
bounded orthonormal systems , 

[9] Grigorian M.G., ”On the convergence of Greedy algorithm”. International 
Conference, Mathematics in Armenia, Advances and Perspectives, Abstract, 
2003, p.44 - 45, Yerevan, Armenia. 

[10] Golubov B. L, Efimov A. V., Skvortsov V. A., Walsh Series and Transforma¬ 
tions: Theory and Applications [in Russian], NAuka, Moscow, (1987); English 
transL: Kluwer, Dordrecht (1991). 


On the quasi-greedy property and uniformly 
http://www.math.auc.dk/research/reports/R-2003-09.pdf, 


Department of Physics, 

State University of Yerevan, 

Alex Manukian 1, 375049 Yerevan, Armenia 
e-mail: sergoep@ysu.am 


7 



